Evidence for infrared finite coupling in Sudakov resummation: a revised view-point 
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I show that Sudakov resummation takes a particularly transparent form if one deals with the 
second logarithmic derivative of the short distance coefficient functions for deep inelastic scattering 
and the Drell-Yan process. A uniquely defined Sudakov exponent emerges, and I conjecture that the 
leftover constant terms not included in the exponent are given by the second logarithmic derivative 
of the massless quark form factor. The meaning of a previously obtained large Nj evidence for an 
' infrared finite perturbative Sudakov coupling is reconsidered. This coupling is reinterpreted as a 

■ Minkowskian coupling, making the introduction of a low-energy non-perturbative modification of 

I the corresponding Euclidean coupling a priori necessary. Some hints for a Banks-Zaks type of fixed 

point in the Euclidean coupling at finite Nf are nevertheless pointed out, and strong evidence is 
Ch , provided in favor of its universality. A criterion to select in a unique way the proper Euclidean 



^3 



(N 



Sudakov coupling relevant to the issue of power corrections is suggested. 



o 

CO In two previous papers 0, Q I presented some arguments in favor of the infrared (IR) finite coupling approach to 
power corrections in the context of Sudakov resummation. Based on new results below, I now believe the evidence 
^ \ provided in favor of an IR finite perturbative Euclidean couphng at large Nf is fallacious, the coupling having been 
' incorrectly identified as Euclidean. The new interpretation of the same formal results still supports the IR finite 

■ coupling idea, but in a non-perturbative framework, closer to the spirit of the standard |2| approach. However some 
. partial evidence for an IR finite perturbative Euclidean coupling still exists at finite Nf. The ambiguities related 

to the arbitrary choice of the Sudakov distribution function and effective coupling are now resolved, and the new 

■ picture is in agreement with the IR renormalon expectation. 

(— I , Consider first the scaling violation in deep inelastic scattering (DIS) in Mellin space at large N 

^^^l^r^ = ^^^ [ ^G{NkyQ')Asie)+4CpHiQ^) + 0{l/N), (1) 

I> . where the "Sudakov effective coupling" As{k^) — as{k'^) + ^ia^(fc^) + A2al{k^) + as well as H{Q'^), are given 
[ as power series in = as/4:TT with A^-independent coefficients. In the standard resummation framework one has 
' ACpAsik^) = A{as{k'^)) + dB{as{k^))/d\iik^ , where A (the universal "cusp" anomalous dimension) and B are the 



standard Sudakov anomalous dimensions relevant to DIS, and G{Nk'^ / Q"^) = exp(— TVfc^/Q^) — 1 = Gstan{Nk'^ /Q^). 
Eq.(P) is equivalent to 



dliiF2{Q^N) 



^GiNk'/Q')As{k')-G{oo) J^^^Asik') 



+ ACfH{Q^) + 0{1/N), (2) 



dlnQ2 

where the two integrals on the right hand side of eq.(|21) contain only In^ N and constant terms, and are free of 0(1/ N) 
terms. Since G(oo) = —1, these integrals are separately ultraviolet (UV) divergent, but their sum is finite. It was 
further observed in Q that the separation between the constant terms contained in the Sudakov integral on the 
right hand side of eq.(^ and those contained in H{Q^) is arbitrary, different choices leading to a different "Sudakov 
distribution function" G{Nk'^ / Q"^) and effective coupling As{k'^), as well as to a different function H{Q'^). The 
crucial new observation of the present paper is that this freedom of selecting the constant terms actually disappears 
by taking one more derivative, namely 

dHnF2{Q\N) _ rdk^.^^. 



(dlnQ2)2 



f°° dk^ 

= iCF ^G{Ne/Q^)As{k^)+4CF[dH/d\nQ^ ^As{Q^)]+Oil/N), (3) 
Jo 1^ 
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where G = —dG/dhik^. The point is that the integral on the right hand side of eq.® being UV eonvergent, aU the 
IniV divergent terms are now determined by the 0{N'^) terms contained in the integral, which therefore cannot be 
fixed arbitrarily anymore. Indeed, putting 

S{Q\N) = J^ —G{NkyQMs{k% (4) 

it is easy to show that 



5(Q^7V) = coa,(Q2) + (/3oco£ + Aco-/3oCi)a^(g') + [/3o'coi' + (2/3o(Aco-/?oCi)+/3iCo)£ + 0(£"^^ (5) 

where L = IniV and Cp = Jp°° ^G(e) In^(e)- Thus cq determines all the leading logs of TV (which imphes that cq = 1), 
while the combination AiCq — PqCi determines the sub-leading logs and is therefore fixed, etc... Although the "Sudakov 
exponent" S{Q^,N) is now uniquely determined, the Sudakov distribution function and effective coupling are not. 
For instance the value of Ai is correlated to that of ci. In fact, one can look at eq.Q for any given choice of the 
Sudakov distribution function G{Nk'^ / Q"^) as defining an integral transform mapping the Sudakov effective coupling 
AsikF') to the Sudakov exponent S{Q^, N). The only constraint on the transform is the normalization co = 1. From 
this point of view, all choices of G are equivalent, and the very question ^2] whether As{k'^) should be identified to 
an Euclidean or to a Minkowskian coupling appears meaningless at this stage. Only additional physical information 
(to be provided below) can help clarify this point. 

Moreover, since the Sudakov exponent S{Q^, N) is uniquely determined, so is the combination dH/d\nQ'^ — As{Q^) 
of the "leftover" constant terms not included in the Sudakov exponent. In fact, I conjecture that it is related to the 
space-like on-shell electromagnetic quark form factor ,^,5J J-{Q^) by 

The fact that the second logarithmic derivative of the form factor is both finite and renormalization group invariant 
follows from the properties of the evolution equation satisfied by the form factor. I have checked that eq.® is 
satisfied to 0(0^) in the large Nf limit. Further checks to the same order at finite Nf, as well as to all orders at 
large Nf, are under consideration. 

For the short distance Drell-Yan cross section, the analogues of eq.lO and © are 

d'^lnaDYiQ^N) dP 



(dlnQ2) 



= ^'^F -^GDY{Nk/Q)As,DYik^) + ^CF[dHDY/d\nQ^ - As,dy{Q^)] + Oil/N), (7) 

where Gdy = -dGoY/dlnk^, with GoYiNk/Q) = exp(-7Vfc/Q) - 1 = G%'^{Nk/Q) and ACpAs.oYik^) = 
A{as{k'^)) + 5^^^1j^7P^ within the standard resummation framework [D is the usual D-term), and 

(,dh^ ^^-^^(^ V ^ (dlnQ2)2 ' (8) 



where J-{—Q^) is the time-like quark form factor. Eq.(|SJl and ^ are in the same vein as similar results 
relating the ratio of time-like to space-like form factors to the Drell-Yan cross-section normalized to the (square) of 
the DIS one. 

I now come to the question of the physical interpretation of the Sudakov effective coupling ^^(fc^), and the way 
to eliminate the non-uniqueness in its definition: these issues are crucial for a proper understanding of the power 
corrections arising within the IR finite coupling approach. One would like to associate ^^(fc^) to some kind of dressed 
gluon propagator, which does not seem possible in general, given that the resummation formulas eq.Q or ((TJ are valid 
beyond the single gluon exchange approximation. However, there is a definite limit in QCD, the large Nf limit, where 
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the latter approximation naturally arises. In particular, the dispersive approach |5 llo|. which usually provides the 
most convenient calculational technique in this limit, allows to identify a physical Minkowskian coupling, namely the 
time-like (integrated) discontinuity of the Euclidean one-loop coupling (the so-called "V-scheme" coupling) associated 
to the dressed gluon propagator, given by 



Po 



11 , , ^ 

— arctan(t/7r) 

2 TT 



(9) 

fJO vi J 

with t = ln(A;^/Ay) (where Ay is the V-scheme scale parameter). It is then natural to select the Sudakov distribution 
function by the requirement that the associated Sudakov effective coupling is just given by A^^"'-'^ {k"^) at large Nf. 
As shown in [ll, 01 , this requirement fixes the corresponding "Minkowskian" Sudakov distribution function (which one 
could also call "characteristic function" following ^) to be given in the DIS case by GuinkiNk:^ /Q'^) — Qsdg{^)i 
with e = NP/Q^ and 

GsDoie) = Gstanie) - exp(-e) - r(0, e) + ^e^ r(0, e), (10) 
where r(0, e) is the incomplete gamma function. In the Drell-Yan case, the same requirement yields instead 

G'iLk{Nk/Q) = [Ko{2Nk/Q) + \n{Nk/Q)+jE] - GsDCDYiely), (H) 

where Kq is the modified Bessel function of the second kind, and eoY = Nk/Q. This result also follows from 
the resummation formalism (not tied to the single gluon approximation) of |ll|. which therefore uses an implicitly 
Minkowskian framework in the above sense. 

However, although the coupling A^^™'^(fc^) of eq.® is IR finite at the perturbative level, it cannot be taken as an 
evidence in favor of the IR finite coupling approach to power corrections, contrary to the statements in since 
it is now clear it should be identified to a Minkowskian coupling. The corresponding Euclidean coupling A^'"'^'(fc^) 
at large Nf is just the one-loop V-scheme coupling 

^"•='<''' = AIM' 

which has a Landau pole, and thus by itself provides no evidence in favor of the IR finite coupling approach (which 
relies in an essential way Il j| on the IR finitncss of the Euclidean coupling). The assumption of IR finitness must 
therefore be made, as usual [2|, at the non-perturhative level, by postulating the existence of a non-perturbative 
modification (5Ag"^'(fc^) of the Euclidean coupling at low scales. There is nevertheless some (admitedly not yet 
conclusive) indication for the existence of an IR fixed point in the perturbative Euclidean coupling at finite Nf . Indeed 
the three-loop Sudakov effective couphng beta-function dAf '"^'/dlnfc^ = -/3o(A|"=')2 -/3i(A|"=')^ "/^f "'^'(^1 "''')'^ + 
... does have an IR fixed point even at low Nf values, due to a large negative three-loop coefficient /3|''"^'. For instance 
at iV/ = 4 one gets 47rAf ~ 0.6 in the DIS case, which looks marginally perturbative (a similar value is obtained 
in the Drell-Yan case). Of course, as in other examples E3|, this fixed point could be easily washed out by 4- 



1 pomt c 

loop corrections. Indeed, although the standard Banks-Zaks expansion Q Q of 

'^fk powers of 16.5 — Nf 

appears divergent at Nf — 4, the modified expansion suggested in 0| yields a reasonably small next-to-leading 
order correction. The issue of an IR finite perturbative Euclidean Sudakov coupling is thus still open. 
The IR power corrections are best parametrized [l^ Il6| in term of low energy moments of the Euclidean coupling, 
and it is therefore useful to introduce the corresponding Euclidean Sudakov distribution function GeucI- In the DIS 
case, the latter is related to the Minkowskian distribution function by the dispersion relation 



GM^nkie) = el dyjff^. (13) 
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Actually, in the DIS case, the Euclidean Sudakov distribution turns out not to exist. This fact is related to the 
circumstance that the discontinuity of the corresponding Sudakov characteristic function fea. HlU|) ') for any finite 
e < is of the form ae^ + (yielding only two |18| power corrections in the Sudakov exponent). One then has to 
rely on the procedure of 0,01 to relate IR power corrections to moments of the Euclidean coupling. 
In the Drell-Yan case, one gets 

G^ZcA^dy) = Jo(2eDy) - 1 = G^Zci{(^y)i (14) 

where Jq is the Bessel function, an even function of toy = Nk/Q: this property ensures only even power corrections 
(with no logarithmic enhancement) are present, in agreement with the renormalon argument The analogue of 
ea. ((n|l is 



'^MinkK^DYl — ^DY / "-V'pl ] \2' ^ ' 

Jo y'^DY + y) 

where (eq.dTTJ) Gf/^nki^ly) = QsDCDYiely)- 

The Euclidean or Minkowskian Sudakov distribution functions fixed through the large Nf identification of the Sudakov 
effective couplings can then be used to determine the corresponding effective couplings at finite Nf in the usual way, 
requiring the divergent In^ terms to be correctly reproduced order by order in as- It is natural to keep referring 
to the resulting Af"'^'(fc^) and ^f^Y(fc^) couplings (or A^™'^{k'^) and A^^Y^yik^) couplings) as Euchdean (resp. 
Minkowskian) couplings even at finite Nf, where identification to a dressed gluon propagator is no longer possible. 
Universality issues: I note that at large Nf there is universality to all orders in as between A^^'^\k^) and Ag^^y^k-^), 
since they are both equal to the one-loop V-scheme coupling in this limit. At finite Nf however it easy to check that 
universality in the ultraviolet region holds only up to next to leading order, where the Euclidean Sudakov effective 
couplings actually coincide with the "cusp" anomalous dimension [l9j, but is lost beyond that order. 
On the other hand, an interesting universality property holds in the IR region at large enough, but finite Nf. Indeed 
for Nf close to the value 16.5 where asymptotic freedom is lost, there is (as already mentioned) a Banks-Zaks type 
of fixed point, which is expected to persist within the so-called "conformal window", whose lower boundary might 
eventually extend down to Nf values as low as Nf — 4. I found that the Banks-Zaks expansions of the IR 
fixed point are identical for the Sudakov effective couplings relevant to DIS and Drell-Yan up to the N^LO order! 
Moreover, this property is independent of the ambiguity in choice of the Sudakov effective couplings. This finding 
suggests that the Banks-Zaks fixed point might be identical for the DIS and Drell-Yan Sudakov effective couplings 
to all orders, which strongly supports the (approximate) universality of the corresponding IR power corrections. 
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